We discuss the relic problem of string gas cosmology (SGC) using gravitinos and magnetic monopoles as examples. Since SGC operates near or at the Hagedorn temperature, relics are produced copiously; in the absence of dilution, their abundances are too large. A subsequent phase of reheating can solve the gravitino problem, but fails to dilute monopoles sufficiently. We propose a subsequent phase of inflation as the most natural solution to the monopole problem; unfortunately, inflation marginalizes almost all potential achievements of SGC, with the exception of a possible explanation of the dichotomy of space (why did only three dimensions inflate?).
I. INTRODUCTION
String or Brane Gas Cosmology (SGC) [1, 2, 3] is an attempt to incorporate new, intrinsically stringy degrees of freedom into cosmology by means of a gas approximation while respecting T-duality [4] (for reviews and comprehensive references see [5, 6] ) [72] . Several lines of research with different goals have emerged, among them are the stabilization of extra dimensions by massive, classical string gases [5, 7, 8, 9] or by quantum moduli trapping [9, 10, 11, 12, 13, 14, 15, 16, 17] , isotropization of large dimensions [18] , attempts to explain the late time acceleration in the visible dimensions via oscillations of the extra dimensions caused by competition of a stabilizing string gas and matter [19, 20] , dark matter candidates [5, 7, 21, 22, 23] , attempts to explain the dimensionality of the observed large dimensions [1, 2, 24, 25, 26, 27, 28] , bouncing/cyclic cosmologies caused by a coupling of a string gas with a modified gravity action [29, 30] , and an attempt to provide a non-inflationary explanation of the nearly scale invariant spectrum of scalar perturbations by means of thermal fluctuations during a quasi-static Hagedorn phase [31, 32, 33, 34] , which is assumed to be directly connected to an expanding, radiation dominated, 3 + 1-dimensional FRW universe. For shortcomings of some of these proposals and critical comments see the review [5] as well as [35, 36] .
All proposals operate at or near the Hagedorn temperature T H , the maximal attainable temperature in string theory (T H ∼ 10 16 GeV, close to the grand-unified-theory (GUT) scale). Since this temperature is large, one should expect an over-production of unwanted relics if no precaution is taken to dilute them after the SGC-phase.
In this note, we concretize this expectation by focus- * Electronic address: diana.battefeld(AT)helsinki.fi † Electronic address: tbattefe(AT)princeton.edu ing on magnetic monopoles [37, 38] and gravitinos [39] . We find that incorporating reheating via the decay of a relatively long lived particle, such as the s-axion in F-theory [40] or moduli in G2-MSSM models [41] , can dilute thermal relics such as gravitinos without spoiling the achievements of SGC, but it is insufficient to address the monopole problem.
An incorporation of inflation can dilute all relics sufficiently at the expense of marginalizing achievements of SGC: internal dimensions that had been held together by a string gas are destabilized, dark matter candidates are diluted, and a non-inflationary explanation of a nearly scale invariant spectrum of scalar fluctuations becomes superfluous if inflation lasts long enough. Furthermore, since string gases do not drive inflation by themselves, further ingredients are needed.
II. RELIC PROBLEMS

A. Magnetic Monopoles
Super-heavy magnetic monopoles are an inevitable consequence of GUT's that include electromagnetism [37, 38, 42] (see also the textbook treatment in [43] ). During GUT phase transitions at least one monopole per horizon is produced due to causality, resulting in an overabundance of order [38, 43] 
13 today, if the universe cooled down from T GUT ∼ 10 15 GeV. Here, ρ crit = 3H 2 0 /(8πG) and H 0 is the Hubble parameter. A famous solution to this problem is inflation [44] [73], but the monopole problem resurfaces in SGC because T H ∼ T GUT .
Non-inflationary attempts to address the monopole problem have been made, such as the Langacker-Pi mechanism [47] [74] or a recent proposal invoking primordial black holes to eliminate magnetic monopoles [53] , but none of these proposals appears to be particularly compelling.
A Hagedorn phase in SGC, as envisioned in [31, 32, 33, 34] , has to be followed by some mechanism to dilute monopoles, or else the model is ruled out [75] .
B. Gravitinos
Supersymmetric theories predict the existence of the gravitino, a Fermion of spin 3/2 and the supersymmetric partner of the graviton that mediates supergravity interactions [54] . The gravitino mass, m 3/2 , originates from spontaneous supersymmetry breaking and its value ranges commonly from GeV-TeV; since it is long lived (τ 3/2 ∼ 4 × 10 5 s × (m 3/2 /1 Tev) −3 if the dominant decay channel consists of a photon and its superpartner [55] ), it is a natural candidate for dark matter. Even in the absence of primordial gravitinos, i.e. because primordial relics had been diluted by inflation, they are thermally produced during the radiation-dominated epoch; thus, they are an example of a thermal relic. Their abundance can be estimated to (see [40] for a good review and [39, 56, 57] for a more detailed analysis)
where Ω 3/2 = ρ 3/2 /ρ crit , mg is the gluino mass (we use mg = 1 TeV in the following),
max is the maximal temperature in the radiation dominated epoch and
is the gravitino freeze-out temperature. Since the gravitino density is bounded from above to prevent overclosure of the universe
required [55, 58] . Focusing on T f 3/2 > T max leads to the upper bound
Another bound stems from the possible photodissociation of light elements created during big-bangnucleosynthesis by decay products of gravitinos (assuming that the gravitino is not the lightest superparticle and thus stable) [39, 55, 59, 60, 61, 62] if τ 3/2 > 1 s,
for 300 GeV m 3/2 30 TeV, see table 2 in [62] .
We see that the presence of thermally produced relics such as gravitinos imposes stringent constraints on the allowed maximal temperature in the radiation dominated epoch. As a consequence, upper limits on the reheating temperature after inflation result [62] ; these are satisfied in the old theory of reheating, but can cause tension for efficient preheating scenarios that put the reheating temperature close to the inflationary energy scale.
However, the problem is more severe in SGC, where the universe is thought to emerge from a thermal state near the Hagedorn temperature T H ∼ 10 16 GeV. Since T H ≫ 10 8 GeV, the above bounds are strongly violated if the universe simply cools down after leaving the Hagedorn phase, even if there were no primordial relics; thus, SGC requires a separate solution to the gravitino problem.
III. ALLEVIATING THE RELIC PROBLEMS?
Two possibilities to evade relic problems are well known: a phase of reheating with T RH < T max or a phase of inflation; both can dilute relics considerably.
A. Incorporating Reheating
The decay of a relatively long lived particle species can reheat the universe and dilute relics by a factor of up to 10 −5 : to see this, consider radiation ρ r ∝ a −4
(including relics) and a scalar field that oscillates in a quadratic potential so that ρ ϕ ∝ a −3 . Consider further that ρ ϕ = ρ r ∼ 10 15 GeV after the SGC/Hagedornphase. If ϕ decays around ρ ϕ ∼ 1 GeV, the universe is reheats sufficiently for nucleosynthesis to commence, but to a low enough temperature to avoid any further production of unwanted relics. Since ρ ϕ /ρ r ∼ 10 5 just before reheating, primordial relics and any other previously present particles are diluted considerably. Concrete implementations of this mechanism are the decay of the s-axion in F-theory [40] or the decay of moduli in G2-MSSM models arising from M-theory compactifications [41] .
The possible dilution of order ∼ 10 −5 is sufficient to solve the gravitino problem [40, 41] . Since the late decaying field is conceivably produced towards the end of the Hagedorn phase, we expect that it carries fluctuations generated during this phase [76] , a potentially desirable feature. Further, other achievements of SGC, such as moduli-stabilization or dark matter candidates, are not necessarily obliterated by this modest alteration of the universe's thermal history. However, the dilution caused by reheating is not enough to rid the universe of magnetic monopoles with an abundance of order Ω M ∼ 10
13
-they would still overclose the universe if not diluted by another method, such as the Langacker-Pi mechanism [47] , or, more compelling, a phase of inflation. In the absence of such a mechanism, a Hagedorn phase in SGC is ruled out based on the monopole problem, even in the presence of reheating.
B. Incorporating Inflation
A natural method to rid the universe of unwanted relics is inflation [44] , but it is challenging to incorporate inflation into SGC for a simple reason: a string gas does not cause inflation [3] . If inflation is incorporated by other means after the Hagedorn phase, more than N min ≡ ln(Ω M )/3 ∼ 12 e-folds of accelerated expansion are required to sufficiently dilute the number density of magnetic monopoles. The string gas is necessarily subdominant during inflation and dilutes further, leading to the breakdown of the gas approximation; consequently, only a few horizon sized cosmic strings remain and almost all achievements of SGC vanish.
Consider for instance the stabilization of extra dimensions by a string gas via quantum moduli trapping [11, 12, 13, 14, 15, 16] . From a four dimensional point of view, size moduli appear as scalar fields; their stabilization requires a confining potential V trap , which can originate from a string gas: for example, at the self dual radius certain states (a combination of winding and momentum modes) become light, get produced and can trap the radion [5, 12, 13] . However, a subsequent phase of inflation removes this stabilization mechanism, as mentioned in [5] , since the trapping potential is proportional to the number density of strings and redshifts like matter, V trap ∝ a −3 . Thus, this achievement of SGC quickly vanishes during inflation, and, in the above example, internal dimensions can grow if they are not stabilized by other means.
If inflation does not last much longer than N min , one might still hope that the degree of freedom causing inflation inherited fluctuations on observable large scales during the Hagedorn phase, thus leaving a loophole for the proposal of [31, 33, 34] to operate. However, since the duration of inflation needs to be fine tuned [77] , and inflation naturally generates the needed nearly scale invariant spectrum of scalar fluctuations on large scales if it lasts ∼ 50 e-folds or longer, one may justifiably use Ockham's razor to rid the scenario of the Hagedorn phase entirely.
Nevertheless, there is one line of research within SGC that remains interesting, even in the presence of inflation: to provide the initial conditions for inflation, that is, to explain why three dimensions inflated while the extra dimensions did not. Hence, it would be interesting to extend research primarily focused on explaining why only three dimensions became large in the presence of a string gas [1, 2, 24, 25, 26] to frameworks that include additional ingredients capable of driving inflation.
One such framework was proposed in [64, 65] (see also [66, 67, 68] for related work on incorporating inflation by means of brane gases) where anisotropic inflation (as argued for in [69] ) is incorporated: the multi-dimensional universe starts out small and hot, with our three dimensions compactified on a torus and the extra dimensions on an orbifold of the same size. The pre-inflationary expansion is governed by topological defects (p-branes) in the bulk [65] . As the universe expands isotropically due to the gas of p-branes, the energy density stored in the gas is diluted until additional weak forces come into play, changing the overall dynamics. Branes pinned to the orbifold fixed planes, which can exhibit an attractive force [78] , eventually cause a contraction of the extra dimensions while our dimensions inflate. The inflaton is identified with the radion -its large initial value is explained by the pre-inflationary bulk expansion. Inflation ends once the internal dimensions approach the self dual radius where moduli trapping [79] and (p)re-heating takes place. Temperatures remain below T H , and an overproduction of relics is avoided. However, the dichotomy between inflating and deflating dimensions is put in by hand, making a dynamical explanation desirable.
IV. CONCLUSIONS
In this note, we briefly reviewed relic problems caused by magnetic monopoles and gravitinos, which pose a challenge for string gas cosmology (SGC). Since the universe is thought to emerge from a thermal state near the Hagedorn temperature in many proposals within the framework of SGC, we argue that the production of either relic, if not diluted by some means, rules out such a setup [80] . A late stage of reheating, albeit successful in providing a solution to the gravitino problem, does not dilute magnetic monopoles sufficiently. The latter ones are generic predictions of GUT phase transitions after a Hagedorn phase. Incorporating a phase of inflation is the most compelling solution to the monopole problem, but it comes at the price of marginalizing almost all achievements of SGC, even though finding a possible explanation for the dimensionality of spacetime (why did only three dimensions start to inflate?) remains a worthwhile endeavor. Non-inflationary solutions to the monopole problem, such as the Langacker-Pi mechanism, are less compelling, but might be invoked if one is adamant to avoid inflation.
We did not address other shortcomings of SGC, such as the flatness or the entropy problem, which are also most readily solved by incorporating inflation [71] (see [70, 71] for an attempt to address these problems without invoking inflation). We conclude that SGC is not yet an alternative to inflation, since it appears to require inflation, or a plethora of other mechanisms, to solve several well known problems of standard big-bang cosmology.
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